Abstract. Solecki has shown that a broad natural class of G δ ideals of compact sets can be represented through the ideal of nowhere dense subsets of a closed subset of the hyperspace of compact sets. In this note we show that the closed subset in this representation can be taken to be closed upwards.
of the set F is in fact closed upwards. For example, let µ be an atomless finite probability measure on E and let I be the σ-ideal of compact µ-null sets. Fix a basis of the topology on E and let s ∈ (0, 1) be chosen so that it is not the measure of any basic set. Then the set F = {K ∈ K(E) : µ(K) ≥ s} works to characterize membership in the ideal.
In the following result we show that as long as the ideal I in Theorem 1 contains only meager sets, we may always find an F representing it that is closed upwards. We use the following notation in the proof: if A ⊆ E and δ > 0, A + δ denotes the set x∈A B(x, δ). Int(A) denotes the interior of A in E.
Theorem 2. For a closed set F ⊆ K(E), the following are equivalent:
, closed and closed upwards, such that
Proof. It is clear that (2) ⇒ (1), simply because, if F ′ ⊆ K(E) is closed upwards and U ⊆ E is open, F ′ ∩ U * is open and nonempty. To prove the other direction, let I = {K ∈ K(E) : K * is meager in F}. I is an ideal with property ( * ). Let {V n } be a basis for the relative topology on F, and let K n = V n . We now have:
Fix a sequence {x i } and a point x ∈ E such that the x i are all distinct, x i → x, {x} ∈ I and each {x i } ∈ I. (This is easy -we can just pick the x i from some fixed infinite set in
i → {x} and the U ′ i are pairwise disjoint. Now we pick a subsequence U ′ n i and define sets (U i , F i , W i ), i ∈ N, satisfying:
So, by replacing the sets K n by the sets K n ∩ K(W n ), we may simply assume that
Now define L ⊆ K(E) as follows. Fix n ∈ N. For j ∈ N, define closed sets
.)
Define sets L n,j as follows:
(Openness follows from this easily checked fact about
Since I is a σ-ideal and {x} ∈ I, we have two possible cases: either some K ∩ U n / ∈ I or some K j / ∈ I.
It is clear that K(W ) ∩ L m,k = ∅ (To get something in this set, we can simply take any F ∈ K m and join some piece of
So in both cases, K * is nonmeager in L. Finally, set F ′ = L.
Corollary 3. Let I ⊆ K(E) be a coanalytic ideal with property ( * ) containing no non-meager sets. Then there exists a closed set F ⊆ K(E) such that F is closed upwards and for any K ∈ K(E),
Proof. An immediate consequence of Theorem 1 and Theorem 2.
